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Understanding the fluid-structure interaction is crucial for an optimal design and manufacturing
of soft mesoscale materials. Multi-core emulsions are a class of soft fluids assembled from cluster
configurations of deformable oil-water double droplets (cores), often employed as building-blocks for
the realisation of devices of interest in bio-technology, such as drug-delivery, tissue engineering and
regenerative medicine. Here, we study the physics of multi-core emulsions flowing in microfluidic
channels and report numerical evidence of a surprisingly rich variety of new driven non-equilibrium
states (NES), whose formation is caused by a dipolar fluid vortex triggered by the sheared structure
of the flow carrier within the microchannel. The observed dynamic regimes range from long-lived
NES at low core-area fraction, characterised by a planetary-like motion of the internal drops, to
short-lived ones at high core-area fraction, in which a pre-chaotic motion results from multi-body
collisions of inner drops, as combined with self-consistent hydrodynamic interactions. The onset of
pre-chaotic behavior is marked by transitions of the cores from one vortex to another, a process
that, in formal analogy with level crossing in quantum systems, we interpret as manifestations of
the system to maximize its entropy by filling voids, as they arising dynamically within the capsule.
INTRODUCTION
Recent advances in microfluidics have highlighted the
possibility to design highly ordered, multi-core emul-
sions in an unprecedentedly controlled manner [1–12].
These emulsions are hierarchical soft fluids, consisting
of small drops (often termed ”cores”) immersed within
larger ones, and stabilized over extended periods of time
by a surfactant confined within their interface.
A typical example is a collection of immiscible wa-
ter droplets, embedded within a surrounding oil phase
[13]. This is usually manufactured in a two-step process,
by first emulsifying different acqueous solutions in the
oil phase and then encapsulating water drops within the
same oil phase in a second emulsification step [1, 9, 10].
Due to their peculiar tiered architecture, they have
served as templates to manufacture microcapsules with
a core-shell geometry that have found applications in a
number of sectors of modern industry, such as in food
science for the realisation of low calory dietary prod-
ucts and encapsulation of flavours [14–17], in pharmaceu-
tics for the delivery and controlled release of substances
[18–22], in cosmetics for the production of personal care
items [6, 23–25] and in tissue engineering, as building-
blocks for the design of tissue-like soft porous materials
[26–28]. More recently, they have also been used as a
tool to mimic cell-cell interactions within a dynamic en-
vironment provided by flowing capsules in microcapillary
channels [29, 30].
Understanding their behavior in the presence of fluid
flows, even under controlled experimental conditions, re-
mains a crucial requirement for a purposeful design of
such functionalized materials. The rate of release of the
drug carried by the cores, for example, is significantly in-
fluenced by surfactant concentration and hydrodynamic
interactions. The latter ones, even when moderate, can
foster drop collisions as well as shape deformations that
may ultimately compromise the release and the deliv-
ery towards targeted diseased tissues. Controlling me-
chanical properties as well as long-range hydrodynamic
interactions of the liquid film formed among cores is of
paramount importance for ensuring the prolonged stabil-
ity of food-grade multiple emulsions [31]. This is essential
in high internal phase emulsions extensively used in tis-
sue engineering, where such forces can considerably alter
pore size and rate of polydispersity [28, 32], thus jeopar-
dizing the structural homogeneity of the material.
Building ad hoc mathematical and computational
models is therefore fundamental to make progress along
this direction. Indeed, in stark contrast with the impres-
sive advances in the experimental realisation of multi-
core emulsions [9, 10, 33, 34], it is only recently that
efforts have been directed to the theoretical investiga-
tion of the rheology resulting from the highly non-linear
fluid-structure interactions taking place in such systems
[35–37].
Continuum theories, combined with suitable numerical
approaches (such as lattice Boltzmann methods [38, 39]
and boudary integral method [37]) have proven capa-
ble to capture characteristic features observed in double
emulsion experiments, such as their production within
microchannels [39], the typical shape deformations of
the capsule, elliptical and bullet-like, under moderate
shear flows [40–42], as well as more complex dynamic
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2behaviors, such as the breakup of the enveloping shell
occurring under intense fluid flows [43]. However, much
less is known about the dynamics of more sophisticated
systems, such as multiple emulsions with distinct inner
cores, whose physics has been theoretically investigated
only by a few authors to date [37, 38].
In this paper, we present a numerical study of the
pressure-driven flow of multi-core droplets confined in a
microchannel, following a design directly inspired to ac-
tual microfluidic devices. Our equations of motion, as
well as numerical method, are based on established con-
tinuum principles and detailed in Method Section. In
short, we describe the physics of our multi-core emulsions
by using a phase field approach [38, 44–46], in which a set
of passive scalar fields φi(r, t) (i = 1, ..., N is the number
of cores) account for the density of each droplet, while
the a vector field v(r, t) represents the global fluid veloc-
ity. The dynamics of each field φi is governed by a set
of Cahn-Hilliard equations, while the velocity obeys the
Navier-Stokes equations [47, 48].
Extensive lattice Boltzmann simulations provide ev-
idence of a rich variety of new driven nonequilibrium
states (NES), from long-lived ones at low droplet area
fraction, characterised by a highly correlated, planetary-
like motion of the cores, to short-lived ones at high
droplet area fraction, in which multiple collisions and in-
tense fluid flows trigger a chaotic-like dynamics. Central
to each of these non-equilibrium states is the onset of
a vorticity dipole within the capsule, which arises as an
inevitable consequence of the shear structure of the ve-
locity field within the micro channel. Such dipole struc-
ture naturally invites a classification of these states in
close analogy with the statistical mechanics of occupa-
tion numbers. Even though our system is completely
classical, such representation discloses a transparent and
insightful interpretation of the transition from periodic
to quasi-chaotic steady-states, in terms of level cross-
ings between the occupation numbers in the two vor-
tex structures. Such level crossings are interpreted as
manifestations of the system to maximise its entropy by
filling voids which arise dynamically within the multi-
body structure resulting from the self-consistent motion
of the cores within the capsule. This is consistent with
the notion of entropy as propensity to motion rather than
microscopic disorder [49].
RESULTS
Fluid-structure interaction in a free-core emulsion
We start by describing droplet shape and pattern of the
fluid velocity at the steady state in a free-core emulsion
under a Poiseuille flow. Once this is imposed, the droplet,
initially at equilibrium (Fig.1a), acquires motion, driven
by a constant pressure gradient ∆p applied across the
longitudinal direction of the microfluidic channel. The
resulting fluid flow as well as the shape of the emulsion
are controlled by the capillary and the Reynolds num-
bers, defined as Ca = vmaxη/σ and Re = ρvmaxDO/η.
Here vmax is the maximum value of the droplet speed,
η is the shear viscosity of the fluid, σ is the surface ten-
sion, ρ is the fluid density and DO is the diameter of
the shell (taken as characteristic length of the multi-core
emulsion). In our simulations Ca roughly varies between
0.02 and 1 and Re may range from 0.02 and 5, hence
inertial effects are negligible and the laminar regime is
preserved.
In Fig.1b-c we show an example of shape of a free-core
emulsion at the steady state (see movie M1 for the full
dynamics). In agreement with previous studies [50–54],
the droplet attaines a bullet-like form, more stretched
along the flow direction for higher values of Re and Ca
(i.e. larger pressure gradients). Such shape results from
the parabolic structure of the flow profile (see the Sup-
plmental Material in [55] for further details about the
steady state velocity profile), moving faster in the center
of the channel and progressively slower towards the wall
(Fig1b). If computed with respect the droplet frame,
the flow field exhibits two symmetric counterrotating ed-
dies, resulting from the confining interface of the cap-
sule and whose direction of rotation is consistent with
a droplet moving forward (rightwards here, see Fig.1c).
These structures are due to the gradient of vy along the
z direction, a quantity positive within the lower half of
the emulsion and negative in the upper. As long as the
droplet remains core-free, such fluid recirculations (also
observed, for instance, in micro-emulsions propelled ei-
ther through Marangoni effect [56–58] or by means of an
active material, such as actomyosin proteins [59–61], dis-
persed within) are stable, and their steady-state angular
velocity can be approximately estimated as ω ∼ vmax/Lz
(Fig.1).
Does this picture still hold when smaller cores are en-
capsulated? Or, in other words, how does the coupling
between the fluid velocity v and a number of passive
scalar fields φi affect the dynamics of the multi-core emul-
sion? To what extent the dipolar fluid flow structure
is stable when the effective area fraction of the internal
droplets Ac = NpiR
2
i
piR2
O
(where Ri and RO are the radii of
the cores and of the shell and N the number of cores)
increases?
In the next sections we show that the two-eddy fluid
structure is essentially preserved, although modifications
to this pattern occur when Ac is larger than ∼ 0.35.
More specifically, while in a double emulsion (N = 1)
the stream in the middle of the droplet drives the core
at the front-end of the shell where the core gets stuck,
when N > 1 the vortices trigger and sustain a persistent
periodic motion of the cores within each half of the emul-
sion. As long as Ac < 0.35 (achieved with N = 3), cores
3remain confined within either the upper or the lower part
of the emulsion giving rise to long-lived nonequilibrium
steady states. When Ac > 0.35 (N ≥ 4) droplet crossings
between the two regions may occur, and short-lived ag-
gregates of three or more cores only temporarily survive.
Hence, the whole emulsion can be effectively visualized
as a two-state system in which the two eddies foster the
motion of the cores and crucially affect the duration of
the states.
By using the tools of statistical mechanics, we propose
a classification of such states in terms of the occupation
number formalism, where 〈α1, ..., αj |αj+1, ..., αN 〉 repre-
sents a state in which j and N − j distinct cores occupy,
respectively, the upper and the lower half of the emul-
sion, with j = 1, .., N . This is analogous to determine
the number of ways N distinguishable particles can be
placed in two boxes.
Classification of states
In Fig.2(a)-(f), we show the equilibrium configurations
of a single core ((a), N = 1), a two-core ((b), N = 2), a
three-core ((c), N = 3), a four-core ((d), N = 4), a five-
core ((e), N = 5) and a six-core ((f), N = 6) emulsion.
Once a Poiseuille flow is applied, the emulsions attain
a steady state in which, unlike the core-free droplet of
Fig.1, the dynamics of the cores is crucially influenced by
the effective area fraction Ac, besides the two-eddy flow
structure. In Fig.3 we show a selection of the nonequi-
librium states observed.
Long-lived nonequilibrium states. The simplest
configuration is the one in which N = 1. In this case the
core and the shell are initially advected forward (right-
wards in the figure) and, at the steady state, the former
gets stuck at the front-end of the latter (see, for example,
movie M2). In Fig3, two examples for slightly different
values of Re and Ca are shown. Note incidentally that,
in agreement with previous studies [38–40, 42, 50, 51, 62],
as long as Re ' 1, the internal core, unlike the interface
of the external shell, is only mildly affected by the fluid
flow. This is due to its higher surface tension induced
by the smaller curvature radius, which prevents relevant
shape deformations.
This picture is dramatically altered when the number
of cores increases. If N = 2, for example, two nonequi-
librium long-lived states emerge. In the first one (Fig.3c
and movie M3), the two cores remain locked in the up-
per (or lower) part of the emulsion, where the fluid eddy
fosters a periodic motion in which each core chases the
other one in a coupled-dance fashion (see the next sec-
tion for a detailed description of this dynamics). In the
second one (Fig.3d and movie M4), the two cores remain
separately confined within the top and the bottom of the
emulsion, and move, weakly, along circular trajectories.
By using the statistics of occupation number, we indi-
cate with 〈1, 2|0〉 the state in which cores 1 and 2 are in
the upper region while the lower one is empty, and with
〈2|1〉 the state where cores 2 and 1 occupy, separately,
each half.
More complex effects emerge when Ac is further in-
creased. If N = 3, once again we find two differ-
ent long-lived nonequilibrium states, namely 〈3|1, 2〉 and
〈1, 2, 3|0〉. In the first one (Fig.3e and movie M5), the
core 3 is confined at the top of the emulsion and moves
following a circular path, while cores 1 and 2 remain at
the bottom of the emulsion and reproduce the coupled-
dance dynamics observed for N = 2. In the second one
(Fig.3f and movie M6), the three cores, sequestered in
the upper region, exhibit a more complex three-body pe-
riodic motion, whose dynamics is discussed later. How-
ever, although long-lasting, such state may turn unstable
due to either hydrodynamic interactions or to direct col-
lisions with other cores. This is precisely what happens
when N is further augmented.
Short-lived nonequilibrium states. Indeed, when
N = 4, we find a state in which three cores move in one
region and a single core within the other one. This is
indicates as 〈1, 2, 3|4〉 (Fig3g). However, this state lives
for a short period of time since droplet 3 crosses from the
top towards the bottom of the emulsion and produces a
novel long-lived nonequilibrium state 〈1, 2|3, 4〉, in which
couples of cores ceaselessly dance within two separate re-
gions (Fig.3e and movie M7). Such transition, indicated
as 〈1, 2, 3|4〉 → 〈1, 2|3, 4〉, occurs due to the high values
of Ac, larger than 0.35. This means that, within half of
the emulsion, the effective area fraction is even higher
(more than 0.5), and the three-core state would be un-
stable to changes of the flow direction and to unavoidable
collisions with the other cores. This is the reason why,
for example, the state 〈1, 2, 3, 4|0〉, although realizable in
principle, has not been observed.
For higher values of N , Ac further increases and multi-
ple crossings occur. If N = 5 for instance, short-lived dy-
namical states appear, such as 〈3, 5|1, 2, 4〉 or 〈2|1, 3, 4, 5〉,
in which four cores are temporarily packed within half of
the emulsion (Fig.3i-j and movie M8). However, these
states are highly unstable since cores cross the two re-
gions of the emulsion multiple times. Finally, more com-
plex short-lived states are observed when N = 6, such
as 〈3, 5, 6|1, 2, 4〉 and 〈5, 6|1, 2, 3, 4〉 (Fig.3k-l and movie
M9).
In the next section we discuss more specifically the dy-
namics of these states, focussing, in particular, on how
the fluid-structure interaction affects the droplets mo-
tion.
Droplet dynamics in a multi-core emulsion
Two-core emulsion. We begin from the two-core
emulsion, in which two droplets are initially encapsu-
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Figure 1. (a) Equilibrium configuration of a free-core emulsion. (b)-(c) Steady state shapes at Re ' 3 and Ca ' 0.8. Red
arrows indicate the direction of the fluid flow computed in the lab frame (b) and with respect to the center of mass of the
droplet (c), in which two eddies rotating clockwise (bottom) and counterclockwise (top) emerge within the droplet. Right:
The plot shows how the vorticity ω ∼ vmax
Lz
varies with Re. The droplet radius at equilibrium is R = 30 and the color map
represents the value of the order parameter φ, ranging between 0 (black) and 2 (yellow). This applies to all figures in the paper.
Figure 2. (a)-(f). Equilibrium configurations of a single-core (a), a two-core (b), a three-core (c), a four-core (d), a five-core (e)
and six-core (f) emulsion. Droplet radii are as follows: Ri = 15, RO = 30 (a), Ri = 17, RO = 56 (b)-(f).
lated as in Fig.2b and attain the state 〈1, 2|0〉. Like the
single-core case, once the flow is applied both cores and
external droplet are dragged forward by the fluid. How-
ever, while the latter rapidly attains its steady state (see
Fig.4a in which an instantaneous configuration is shown
for Re ' 3, Ca ' 0.52), the internal core placed at the
rear side (core 1) approaches the one at its front (core
2), since it moves slightly faster due to the larger flow
field in the middle line of the emulsion (see Fig.4c and
the speed of their center of mass at time t ' 2 × 104 in
Fig.6, top). This results a dynamic chain-like aggregate
of droplets, moving together towards the leading edge of
the external interface.
However such aggregate is unstable towards unavoid-
able changes of the velocity field direction, as show in
Fig.4, where the typical velocity field in the lab frame
(a-b) and in external droplet frame (c-d) at the onset of
this instability are reported for two different values of Re
and Ca. Where the former looks approximately laminar,
the latter, once again, exhibits two counter-rotating re-
circulating patterns, which trigger the motion of the rear
droplet (i.e. droplet 1). Such motion occurs either up-
wards (a-c) or downwards (b-d), and is fostered by the
local variation of the velocity field in the middle of the
emulsion, an effect resulting from its interaction with the
interface of the cores.
Besides promoting the onset of this instability, these
fluid vortices sustain a persistent and periodic circular
motion of both cores around a common center of mass,
confined within the lower or the upper region of the emul-
sion. As an example, in Fig.5 we show the time evo-
lution of the displacement ∆zcm(i) = zcm(i) − zcm(O)
of the cores with respect to the center of mass of the
external droplet as well as the displacement ∆ycm(i) =
ycm(i)− ycm(O), at Re ' 3 and Ca ' 0.52.
After being driven forward in the middle of the emul-
sion, the cores acquire motion upwards and backwards
near the external interface, with the droplet at the rear
(1) closely preceding the front one (2). Subsequently, the
circular flow pushes both cores back towards the center
of the emulsion, but while the former (1) moves towards
the leading edge, the latter (2) follows a shorter circular
counterclockwise trajectory which allows to overtake the
other core. The process self-repeats periodically, alter-
nating, at each cycle, the core leading the motion.
In Fig.6 we show the x and y components of the cen-
ter of mass velocity (in the external droplet frame) of
both cores. They have a cyclic behavior with the same
periodicity, although ∆vzcm shows an asymmetric pat-
tern. This occurs because, when moving upwards (during
the first half of the cycle), the core has a lower velocity
(' 5 × 10−4) than when moving back towards the bulk
(' −2× 10−3). This is not the case of ∆vycm , which, on
the contrary, exhibits a symmetric structure, with max-
ima and minima attained at the center of the emulsion
and at the top, respectively.
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Figure 3. Nonequilibrium state of multi-core emulsions under Poiseuille flow. Blue arrow indicates its direction (which applies
to all cases) while N represents the number of cores encapsulated. (a) is obtained for Re ' 3 and Ca ' 0.85, while (b) for
Re ' 1.2 and Ca ' 0.35. All the other cases correspond to Re ' 3 and Ca ' 0.85. As long as Ac < 0.35, the nonequilibrium
states are long-lived (l.l.), while if Ac > 0.35 they turn into short-lived (s.l.). Here, crossings of cores from one region (say top)
towards the other one start to occur. Magenta arrows indicate the direction of a crossing. Multiple crossings are observed as
AC increases. In each snapshot, states are indicated by means of the occupation number classification.
Figure 4. Onset of periodic motion in a two-core emulsion.
(a)-(c) Re ' 3 and Ca ' 0.52. Red arrows indicate the direc-
tion of the fluid flow (a) in the lab frame and (c) in the ex-
ternal droplet frame. (b)-(d) Re ' 1.2 and Ca ' 0.2. Green
arrows in (a) and (b) denote the direction, perpendicular to
the flow, along which the droplet 1 starts its motion, while
white arrows in (c) and (d) bespeak the direction of the fluid
recirculations.
If cores 1 and 2 are initially aligned vertically, rather
than horizontally, the state 〈2|1〉 is obtained. Once the
flow is applied, they acquire a circular motion triggered
by the eddies but, since they are placed within two sep-
arate sectors (top and bottom of the emulsion) from the
Figure 5. Left axis: Time evolution of the displacement
∆zcm(i) = zcm(i) − zcm(O) (calculated with respect to the
center of mass of the external droplet) of the two cores
(red/plusses and blue/asterisks, respectively). The inset
shows the typical trajectories of the cores during a cycle. Red
and blue arrows indicate the direction of rotation of droplet
1 and 2, respectively. Snapshots are taken at t = 5.54 × 105
(a), t = 6.3×105 (b), t = 7.5×105 (c) and t = 8.16×105 (d).
Right axis: Time evolution of ∆ycm(i) = ycm(i)− ycm(O) of
the two cores.
beginning, interact only occasionally along the middle
region of the emulsion.
Finally note that, unlike the free-core emulsion, here at
the onset of the instability fluid flows, mainly occurring
longitudinally, break the symmetric structure of the two
eddies. In spite of this deviation (due to the coupling
with the interfaces), an approximate evaluation of the
angular velocity can be computed as ω ∼ vmaxLz ' 1.5 ×
6Figure 6. Top. Time evolution of the y-component of center of
mass velocity of the two cores (red/plusses and blue/asterisks)
and of the external droplet. The inset highlights the posi-
tion of the core droplets at the points of inversion of motion.
Snaphots are taken at t = 3.6 × 105 (a) and t = 4.94 × 105
(b) timesteps. Bottom. Time evolution of the z-component
of the center of mass velocities of the emulsion.
10−4, not far from that of a core-free droplet at Re ' 1.
Three-core emulsion. We first discuss the dynamics
of the state 〈3|1, 2〉. In Fig.7 we show the time evolu-
tion of the displacement of three cores, initially placed
as in Fig.2, under a Poiseuille flow when Re ' 3 and
Ca ' 0.52. Here cores 1 and 2 are captured by the eddy
formed downward and, like the state 〈1, 2|0〉, they rotate
periodically around approximately circular orbits. On
the other hand, core 3 is locked upward, where it rotates
along a shorter rounded trajectory at a higher frequency,
roughly twice larger than that of cores 1 and 2, but ba-
sically at the same speed (O(10−3) in simulation units,
see Fig. 8). A dynamics in which two cores rotate in the
upper region and the other core in the lower one can be
observed, for instance, for smaller values of Re and Ca,
and shares essentially the same features with the previous
case.
But, what about three cores whose periodic motion
is confined solely in a half (upper or lower) of the bag?
This is precisely the state 〈1, 2, 3|0〉 of Fig.3f, obtained
by initially confining the three cores within one region
(say the upper in this case, see Movie M6). Once again,
the internal cores exhibit a periodic motion along roughly
circular trajectories, although the reciprocal interactions
complicate the dynamics. Shortly, the core at the rear,
1, is initially pushed forward by the flow in the middle
of the emulsion, while cores 2 and 3 get locked upwards
and rotate synchronized (like the state 〈1, 2|0〉). After-
wards, core 1 progressively shifts towards the upper re-
gion, connects with the other two to form a three-core
chain moving coherently. Such aggregate is only partially
broken when a core approaches the middle of the emul-
sion (where an intense flow current pushes it forward),
but is rapidly reshaped when the core, once again, mi-
grates back upwards.
This state may however turn unstable and decay into a
long-lived state when Ac augments. This is what happens
if four cores are included.
Four cores: Droplet crossings and short-lived
clusters. In Fig.9 we show the time evolution of the
displacement ∆z of four cores originally encapsulated
as in Fig.2d. While droplets 1 and 2, initially carried
rightwards by the fluid, are then driven towards the up-
per part of the emulsion where soon acquire the usual
dance-like periodic motion, droplet 3 travels towards the
bottom driven by an intense, mainly longitudinal, flow
(Fig.6, bottom), which significantly alter the typical two-
eddy structure of the velocity fluid.
After the transition, however, a clear fluid recircula-
tion is definitively restored and favours, once again, the
onset of a persistent coupled motion occurring in a sim-
ilar manner as the others: each droplet chases the other
one and, recursively, the droplet at the front (say 4) is
pushed backwards (i.e. towards the leading edge of the
emulsion) along a circular trajectory larger than the one
covered by the droplet at the rear (say 3), which, now,
leads to motion (see movie M7).
At the steady-state, the four cores exhibit a long-lived
coupled dance in pairs of two, occurring without further
crossings and within two separate regions of the emulsion.
These results suggest that, although for a short period
of time, the periodicity of motion can be temporarily
lost when Ac is sufficiently high. In the next section we
show that when Ac attains a value equal to (or higher
than) 0.4, the dynamics of the cores lacks of any periodic
regularity and their motion turns to chaotic.
Five and six cores: Onset of non-periodic dy-
namics. In Fig. 10 we show the time evolution of dis-
placement ∆z in a five (top) and six-core (bottom) emul-
sion, where Ac ' 0.46 and Ac ' 0.55 respectively (see
also movies M8 and M9).
In such systems, only short-lived states are observed
(such as those shown in Fig.3(i)-(j)-(k)-(l)), since multi-
7Figure 7. Time evolution of ∆zcm (top) and ∆ycm (bottom)
of the center of mass of the cores, computed with respect to
that of the external droplet. The inset shows four steady-state
instantaneous configurations of φi during a periodic cycle.
Snapshots are taken at t = 6.22× 105 (a), t = 6.96× 105 (b),
t = 7.8× 105 (c), t = 8.42× 105 (d).
ple crossings occur between the top and the bottom of
the emulsion. An enduring dance-like dynamics, for in-
stance, is observed only for pair of cores and lasts for rela-
tively shorts times, interrupted by crossings taking place
within the emulsion. When this event occurs, the incom-
ing droplet temporarily binds with the others, yielding to
a short-lived nonequilibrium steady state such as those
shown in Fig.3, in turn destroyed as soon as a further core
approaches. Importantly, such complex dynamics almost
completely removes any periodicity of the motion of the
internal droplets. This results from the non-trivial cou-
pling between fluid velocity and internal cores (Fig.11):
continuous changes of droplet positions lead to signifi-
cant variations of the local velocity field which, in turn,
further modifies the motion of the cores in a typical self-
consistent fluid-structure interaction loop.
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Figure 8. Top: Time evolution of ∆vzcm and ∆vycm of the
cores, computed with respect to the speed of center of mass of
the external droplet. Bottom: Typical pattern of the velocity
field calculated with respect to the center of mass velocity of
the external droplet. Two large eddies dominate the dynamics
although relevant distortions, due to the presence of the cores,
are mainly produced in the lower part of the emulsion.
Conclusions and Outlook
Summarising, we have investigated the physics of a
multi-core emulsion within a pressure-driven flow for val-
ues of Re and Ca typical of microfluidic experiments.
We have shown that, as long as the area fraction occu-
pied by the cores is sufficiently low, the latter exhibit a
periodic steady-state dynamics confined within a sector
of the emulsion, reminiscent of a dancing couple, in which
each dancer chases the partner. Our results strongly sug-
gest that this peculiar behaviour is triggered and sus-
8Figure 9. Top: Time evolution of the center of mass com-
ponent of four cores. Insets show the position of the internal
droplets during the crossing of droplet 3 from the top towards
the bottom of the emulsion. They are taken at t = 2 × 105
(a) and t = 4× 105 (b). White arrow indicates the direction
of motion of droplet 3. Bottom: Velocity field at t = 2× 105.
An intense flow currrent drives core 3 downwards. The two
eddies undergo significant modifications.
tained by the internal vorticity which forms within the
external droplet, whose interface acts as an effective bag
confining the cores. The internal vorticity, in turn, is sus-
tained by the heterogeneity of the micro-confined carrier
flow, under the effect of the pressure drive.
As the area fraction (i.e. number of cores) is in-
creased, a more complex multi-body dynamics emerges.
Due to unavoidable collisions between droplets, as com-
bined with self-consistent hydrodynamic interactions,
cores may leave the confining vortex and switch to the
other one. Whenever this occurs, they either restore the
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Figure 10. Top: Time evolution of the dislpacement ∆z of
the cores in a five-core emulsion. Regular periodic motion
survives for short periods of time and is temporarily broken
by repeated crossings of the cores towards either the top or
the bottom of the emulsion. Bottom: Time evolution of ∆z
in a six-core emulsion. Although some cores travel along ap-
proximately similar trajectories (such as 1, red, and 6, black),
there is no evidence of a persistent coupled periodic motion
involving two (or more) cores.
planetary-like dynamics or temporarily aggregate with
other cores to form unstable multi-droplets chains, which
are repeatedly destroyed and re-established, due to the
non-trivial coupling between the flow field and local vari-
ations of the phase field.
The jumps from one vortex to another are interpreted
as entropic events, expressing the tendency of the system
to maximise its entropy (propensity to motion) by filling
voids, as they dynamically arise in this complex multi-
body fluid-structure interaction.
Drawing inspiration from the occupation number for-
malism in statistical mechanics, we propose a classi-
fication of the non-equilibrium states that provides a
transparent interpretation of their intricate dynamic
behaviour. By denoting each dynamical state as
〈α1, ..., αJ |αj+1, ..., αN 〉, in which j and N − j distinct
9Figure 11. Instantaneous velocity field in the state 〈3, 5|1, 2, 4〉
(top) and 〈3, 5, 6|1, 2, 4〉 (bottom). In both cases a chaotic-like
fluid velocity structure dominates the dynamics of the internal
cores.
cores occupy the two sectors of the emulsion, respec-
tively, this occupation-number formalism provides an el-
egant and transparent tool to i) classify the various non-
equilibrium states of the system and ii) to describe the
dynamic transitions among them.
From the theoretical standpoint, it would be of great
interest to explore whether this formal analogy can be
taken one step further, and exploring whether multi-core
emulsions may provide further instances of hydrodynamic
quantum analogues, along the lines pioneered by previous
authors for the case of bouncing droplets on vibrating
baths. For instance, may the core transitions from one
vortex to another correspond to quantum transitions be-
tween excited states of composite molecules? If so, one
may even hope that multi-core emulsions may find use
not only to manufacture new soft mesoscale materials
but also to provide hydrodynamic analogues of quantum
materials [63, 64].
On a more experimental side, it is hoped that the in-
sights on the aforementioned non-equilibrium states de-
livered by the present study may prove useful to gain
a deeper understanding of the basic mechanisms which
control the behaviour of confined droplets (mimicking,
for instance, biological bodies like cells) as they move
within capsules flowing in long capillaries. Of particular
interest is the case of Janus particles, which, owing to the
takeover phenomena discussed in the text, would be pe-
riodically exposed to both front1-rear2 and front2-rear1
contacts.
METHODS
Following the approach of Ref. [38, 44], we describe
the physics of a multi-core emulsion in terms of (i) a
set of scalar phase field variables φi(r, t), i = 1, ..., Nd
(where Nd is the total number of droplets) accounting
for the density of each droplet, and (ii) the global fluid
velocity v(r, t). The equilibrium properties are captured
by a coarse-grained free-energy density
f = a4
N∑
i
φ2i (φi−φ0)2+
k
2
N∑
i
(∇φi)2+
∑
i,j,i<j
φiφj , (1)
in which the first term guarantees the existence of two
coexisting minima, φi = φ0 inside the i-th droplet and
φi = 0 outside, while the second one determines the in-
terfacial tension. The two positive constants a and k set
the surface tension σ =
√
8ak/9 and the interface thick-
ness ξ = 5
√
k/2a of the droplets. Finally, the last con-
tribution is a soft-core repulsive term whose magnitude
is controlled by the (positive) constant .
The dynamics of the order parameters φi is controlled
by a set of Cahn-Hilliard equations
∂φi
∂t
+∇ · (φiv) = M∇2µi, (2)
where M is the mobility and µi = ∂f/∂φi−∂αf/∂(∂αφi)
is the chemical potential (Greek letters denote Cartesian
components).
The fluid velocity v is governed by the Navier-Stokes
equation which, in the incompressible limit, reads
ρ
(
∂
∂t
+ v · ∇
)
v = −∇p+ η∇2v−
∑
i
φi∇µi. (3)
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In Eq.(3), ρ is the density of the fluid, p is the isotropic
pressure and η is the dynamic viscosity. Eqs.(2)-(3)
are numerically solved by using a hybrid lattice Boltz-
mann (LB) approach [65–69], in which a finite difference
scheme, adopted to integrate Eq.(2), is coupled to a stan-
dard LB method employed for Eq.(3). Further details
about numerical implementation and thermodynamic pa-
rameters can be found in the Supplemental Material [55].
We finally provide an approximate mapping between
our simulation parameters and real physical values, such
as the ones for a microfluidic channel of length ∼ 1mm,
in which a droplet, with diameter ranging between 30µm
and 100µm and surface tension σ ∼ 1mN/m, is set in a
fluid of viscosiy ' 10−1 Pa·s. By fixing the length scale,
the time scale, and the force scale as L = 1µm, T = 10µs,
and F = 10nN, a velocity of 10−2 in simulation units cor-
responds approximately to a droplet speed of 1 mm/s.
The Reynolds number (defined as Re = ρDOvmax/η,
where DO is the diameter of the shell) ranges approx-
imately between 1 (∆p = 4×10−4 and vmax ' 0.01) and
5 (∆p = 10−3 and vmax ' 0.025), while the Capillary
number (definedas Ca = vmaxη/σ) ranges between 0.1
and 1. These values ensure that inertial effects are neg-
ligible and are in good agreement with those reported in
previous experiments [1] an d simulations [50].
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SUPPLEMENTAL MATERIAL
1. NUMERICAL DETAILS
Here we provide further details about the numerical
method and the simulation parameters.
The equations for the order parameter φi (Eq.(2) of the
main text) and the Navier-Stokes equation (Eq.(3) of the
main text) are solved by using a hybrid lattice Boltzmann
(LB) method [70], in which Eq.(2) is integrated via a
finite-difference predictor-corrector algorithm and Eq.(3)
via a standard LB approach.
As reported in the main text, simulations are peformed
on a rectangular lattice with size ratio Γ = Lz/Ly rang-
ing from 0.16 to 0.22. More specifically, Γ = 0.167
(Ly = 600, Lz = 100) for the free-core droplet, Γ = 0.2
(Ly = 600, Lz = 120) for the single-core emulsion and
Γ = 0.21 (Ly = 800, Lz = 170) for the two-core and
higher complex emulsions. Periodic boundary conditions
are set along the y-axis and two flat walls along the z-
axis, placed at z = 0 and z = Lz. Here no-slip conditions
hold for the velocity field (i.e. vz(z = 0, z = Lz) = 0) and
neutral wetting for the order parameters φi. The latter
ones are achieved by setting
∂µi
∂z
∣∣∣∣∣
z=0,z=Lz
= 0 (4)
∂∇2φi
∂z
∣∣∣∣∣
z=0,z=Lz
= 0. (5)
The first one guarantess density conservation (no mass
flux through the walls) while the second one imposes the
wetting to be neutral.
Like in previous works [71, 72], the pressure gradient
∆p producing the Poiseulle flow is modeled through a
body force (force per unit density) added to the collision
operator of the LB equation at each lattice node.
Thermodynamic parameters have been chosen as fol-
lows: a = 0.07, k = 0.1, M = 0.1 and  = 0.05 (a value
larger than 0.005 is enough to prevent droplet merging).
These values fix the surface tension and the interface
width to σ =
√
8ak/9 ' 0.08 and ξ = 5√k/2a ' 4,
respectively. Also, the dynamic viscosity η of both fluid
components is set equal to 5/3. Such approximation, re-
tained for simplicity, may be relaxed by letting η depends
on φ [73, 74]. Lattice spacing and integration time-step
have been kept fixed to ∆x = 1 and ∆t = 1, while droplet
radii are the following: R = 30 for the free-core droplet,
Rin = 15 and Rout = 30 for a single-core emulsion, and
Rin = 17 and Rout = 56 for emulsions containing more
thatone core. Here Rin is the radius of the cores while
Rout is the one of the surrounding shell.
2. VELOCITY PROFILE UNDER POISEUILLE
FLOW
In Fig.12 we report, for example, the typical steady-
state velocity profile observed in a two-core emulsion for
different values of the pressure gradient. They are av-
eraged over space and time, i.e. the channel lenght and
approximately 3×105 time steps at the steady state. The
curves are compatible with a parabolic profile expected
in an isotropic fluid with the same viscosity, and remain
essentially unaltered for the other multi-core emulsions
considered in this work.
However, substantial modifications occur when instan-
taneous configurations are considered. In Fig.13 we show,
for instance, the instantaneous velocity profile observed
in core-free (a), one-core (b), two-core (c) and three-core
(d) emulsion calculated along a cross section of the chan-
nel where internal cores temporarily accumulate. While
in (a) the parabolic profile is only weakly disturbed by
the droplet interface, in (b)-(d) it is significantly mod-
ified by local bumps and dips caused by internal cores.
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Figure 12. Typical steady-state velocity profile for different
values of the pressure gradient in a two core emulsion. Here
〈v〉 is averaged over space and time.
Such distortions wash out when these profiles are aver-
aged over space and time.
3. SUPPLEMENTAL MOVIES
Supplementary Movie 1: This movie shows the dy-
namics of a core-free emulsion under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (see Fig.1 of the main text)
Supplementary Movie 2: This movie shows the
dynamics of a one-core droplet under Poiseuille flow at
Re ' 1.2 and Ca ' 0.35 (Fig.3b of the main text).
Supplementary Movie 3: This movie shows the
dynamics of a two-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3c of the main text). Here the
cores are confined within the upper part of the emulsion
and exhibit a planetary-like dynamics.
Supplementary Movie 4: This movie shows the
dynamics of a two-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3d of the main text). The
two cores remain separately confined within the top and
the bottom of the emulsion.
Supplementary Movie 5: This movie shows the dy-
namics of a three-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3e of the main text). Here
two cores exhibit a planetary-like dynamics in the bot-
tom of the emulsion while the other core remain locked
in the upper part and move along approximately circular
trajectories.
Supplementary Movie 6: This movie shows the dy-
namics of a three-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3f of the main text). The
three cores display a complex three-body periodic mo-
tion, confined within half of the emulsion.
Supplementary Movie 7: This movie shows the dy-
namics of a four-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3g and Fig.3e of the main
text). Here a three-core state survives only for a short
period of time, since one of its cores crosses from the top
towards the bottom of the emulsion. This yields to a
long-lived state in which couples of cores exhibit a plan-
etary motion within two separate region of the emulsion.
Supplementary Movie 8: This movie shows the
dynamics of a five-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3i-j of the main text). Only
short living states are observed, since multiple crossings
occur within the emulsion.
Supplementary Movie 9: This movie shows the
dynamics of a six-core droplet under Poiseuille flow at
Re ' 3 and Ca ' 0.85 (Fig.3k-l of the main text).
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